Abstract. In this paper, we first construct a nonconforming finite element pair for incompressible Stokes problem on quadrilateral grids, and then construct a discrete Stokes complex associated with that finite element pair. The finite element spaces involved consist of piecewise polynomials only, and the divergence-free condition is imposed in a primal formulation. Combined with some existing results, these constructions can be generated onto grids that consist of both triangular and quadrilateral cells.
Introduction
The Stokes problem is an important model problem in applied sciences, which can be used to describe the motion of an incompressible fluid. In this paper, we study the stable finite element method for the two dimensional stationary incompressible Stokes problem of velocity-pressure type. In this context, a stable finite element method of the model problem implies a pair of finite element spaces that are consistent approximations to the Hilbert spaces (H 1 (Ω)) 2 and L 2 (Ω), respectively, and satisfy the two stability conditions which are, with the detailed technical description given in the following section, SC 1: the coercive condition and inf-sup condition hold uniformly; SC 2: the divergence-free constraint is imposed in a primal formulation. The first condition falls into the classical theory of Stokes problem, as it provides a necessary and sufficient condition for the well-posedness of the discrete problem; see, e.g., [7, 13, 30] . The second condition, sometimes known as mass conservation, is also desirable in many applications. Though it is not yet fully revealed how methods that enforce divergence-free would be superior to those that do not, satisfying the property can decouple the pressure error from the velocity error, and can avoid possible instabilities that can arise from violation of mass conservation [6, 22, 40, 41] . Various approaches have been utilised to develop methods in regard to the conditions both SC 1 and SC 2, including the discontinuous Galerkin methods [16, [19] [20] [21] , the isogeometric methods [24, 25] , the least square finite element methods [9, 12, 18, 33] , and finite element methods with enhanced stabilisation [8, 11, 15, 17, 45] . In this paper, we focus ourselves on the traditional finite element methods, and will not mention other approaches too much.
A few finite element pairs have been reported to satisfy the conditions both SC 1 and SC 2. As a natural idea, the conforming P 2 k − P k−1 pairs were constructed for k 2. They are proved to satisfy SC 1 and SC 2 on special types of uniform or quasi-uniform triangulations (Scott-Vogelius [50, 51] for k 4, Arnold-Qin [4] for k = 2, and Qin [48] for k = 3). By adding extra smoothness to the finite element functions on the vertices other than the corners of the domain, Falk-Neilan [27] designed a special family of P 2 k − P k−1 pairs for k 4 that are shown to satisfy SC 1 and SC 2 on general grids without the so-called singular corner vertices. On general triangular grids, Crouzeix-Raviart [23] constructed a nonconforming P 2 1 − P 0 element which satisfies both SC 1 and SC 2 in a nonconforming way. A similar nonconforming P 2 2 − P 1 element was constructed by Fortin-Soulie [29] . Another natural idea is, for a given velocity space, using its divergence space as the pressure space, and/or reversely, for a given pressure space, looking for a velocity space so that divergence is a surjection. This idea succeeds where nodal basis functions can be constructed, such as the Q k+1,k × Q k,k+1 − Q k pair on rectangular grid (see Zhang [62] for k 2 and Huang-Zhang [35] for k = 1), and the Mardal-TaiWinther pair [42] on triangular grids, which uses a space of vector functions rather than a tensor product of two scalar function spaces to approximate the velocity field. KouhiaStenberg [36] also used different function spaces for different components of the velocity and constructs a stable linear element method. Xie-Xu-Xue [61] made a way to add divergence-free basis functions onto H(div)-conforming finite element space to generate the velocity function space, and generate and survey several stable pairs in a unified way. Guzmán-Neilan [31] constructed the velocity spaces by adding rational divergence-free functions to H(div)-conforming functions, and obtained conforming stable pairs. Beside these examples, there have been many finite element pairs that satisfy the condition SC 1, while satisfy the divergence-free condition SC 2 in a dual formulation; for these pairs, see [10, 14, 30, 49] and the references therein.
Principally, the condition SC 2 decouples the computations of pressure and velocity, and it would bring convenience once we can present a precise description of the divergence-free velocity subspace. Mathematically, a divergence-free function can be the curl of some other function [30] . This is relevant to the fundamental observation that the incompressible velocity field admits a stream function, and this gives a natural connection between the incompressible Stokes problem and the biharmonic equation. This property can be described in the framework of the Stokes complex originally introduced by [42, 60] . There have been various complexes to describe different physical and mathematical observations [2, 3] . A powerful tool to design, analyse, understand, and moreover, to apply the stable finite element pair for the Stokes problem is then to reproduce discrete analogous of the Stokes complex where the Sobolev spaces are replaced by corresponding finite element spaces. The existence of such a structure like the discrete Stokes complex makes the connection between the model problems revealed at discrete level, and wider scope of methods and applications of the model problems can be expected. This structure is an intrinsic connection between the finite element pairs, and some of the existing pairs that satisfy both SC 1 and SC 2 have been shown to be associated with specific discrete Stokes complexes. On triangular grids, for instance, discrete Stokes complexes have been established associated with the conforming P [26] , respectively. Different discrete Stokes complexes were also introduced in [42] and [31] , respectively. While when quadrilateral grids are considered, few discrete Stokes complexes are known.
As the quadrilateral grids are widely used where the problem geometry is of quadrilateral nature, in this paper, we study the stable finite element method for Stokes problem that satisfy conditions both SC 1 and SC 2 on quadrilateral grids. Specifically, as it is seen among the existing methods that the nonconforming methodology would in general admit higher flexibility, we develop a nonconforming finite element pair that satisfies both SC 1 and SC 2 in a nonconforming way, and then construct a discrete Stokes complex associated with this element pair. After carry out the discussion on quadrilateral grids, we will then carry out the discussion on grids consisting of both triangular and rectangular cells to obtain parallel analogue results.
On the quadrilateral grids, we use an average continuous piecewise incomplete quadratic polynomial space for the velocity field. The velocity space is the same as the one used for solving the Poisson equation in Lin-Tobiska-Zhou [38] on rectangular grid, while the nodal parameters of the velocity space had been used by Han [32] with different shape function space on rectangle grids. The same velocity space was also used in Shi-Zhang [52] for rectangular grids to shape a finite element pair for the Stokes problem, where the pressure is approximated by piecewise constant, and the condition SC 2 holds in a dual formulation. Shi-Zhang's element also relies on a bilinear mapping between the cell and a reference rectangle when forming the shape functions on quadrilateral cells. In this present paper, applying the idea in [47] , we define the finite element functions on quadrilateral cells directly, and they are all piecewise polynomials. We use discontinuous piecewise linear polynomial space for the pressure, and both the conditions SC 1 and SC 2 are satisfied.
A discrete Stokes complex is then constructed based on the newly established finite element pair as we prove that the divergence-free part of the discrete velocity space is piecewisely the curl of a quadrilateral Morley element space. The Morley element was originally constructed on triangular grids to solve the fourth order problem with piecewise quadratic polynomials [44] , and generalized to arbitrary dimension by WangXu [58] , and to elliptic problems of arbitrary order by Wang-Xu [59] . Using the same nodal parameters as the Morley element, Wang-Shi-Xu [57] constructs a rectangle Morley element, which is generalised by Park-Sheen [47] to general convex quadrilateral grids. The Morley element was proved to be associated with a discrete Stokes complex on triangles together with the nonconforming P 2 1 −P 0 element [26, 28] . In this present paper, we show that a discrete Stokes complex connects the quadrilateral Morley element and the newly-developed Stokes element pair on quadrilateral grids.
Because of the similarity of the nodal parameters of the finite elements established on triangular and quadrilateral cells, which implies the same continuity of finite element functions on triangular and quadrilateral triangulations, it is then natural to combine these finite elements together to form discretisation schemes for the biharmonic problem and the Stokes problem, respectively, on a mixed grid involving both triangular and quadrilateral cells. Since the nodal interpolations are defined locally, this combination is straightforward, and finally a same discrete Stokes complex is also established on the mixed grid.
The rest of the paper is as follows. In Section 2, we introduce some preliminaries including the model problems and general finite element discretisation. In Section 3, we introduce a stable finite element pair on quadrilateral grids, and construct a discrete Stokes complex. In Section 4, we carry out the discussion on a mixed grid. Finally, conclusions are given in Section 5.
Preliminaries

Stokes problem and the Stokes complex.
Let Ω ⊂ R 2 be a Lipschitz domain, and Γ = ∂Ω be the boundary, with n the outward unit normal vector. We consider the incompressible Stokes problem with homogeneous boundary condition:
(1)
Here ν is the kinematic viscosity, u, p, and f denote the velocity, the pressure, and the external body force, respectively, and ∆ and ∇ are the Laplacian and gradient operators, respectively. For simplicity, we set ν = 1 in the rest of the paper.
Denote by 
The well-posedness of (2) is guaranteed by the facts [30] :
2 , and inf
with C 1 and C 2 two positive constants dependent on the domain only. The biharmonic problem associated with the Stokes problem (1) is:
The variational problem is to find ϕ ∈ H 2 0 (Ω), such that
Denote by curl the curl operator on a scalar function, which is the rotation of the gradient operator ∇. Define for vector functions the operators div = ∇· and curl = curl·. We have the basic relation below.
Lemma 1. [30]
Let Ω be simply connected. (2), and ϕ be the solution of (4), with
We can rewrite Lemma 1 in the form of the Stokes complex [27, 42, 60] which reads
In this sequence, the composition of two consecutive mappings is zero, and the range of each map is the null space of the succeeding map in a simply connected domain.
Finite element method for Stoke problem. When the Sobolev spaces (H
and L 2 0 (Ω) are replaced by some finite element spaces V h0 andW h , conforming or nonconforming, we have the finite element problem:
Here ∇ h and div h are in the piecewise sense for nonconforming V h0 . We define two stable conditions for the finite element scheme. The subscript "h" in the norms implies the dependence of the triangulation. SC 1: There exist two positive constants γ 1 and γ 2 , such that
Evidently, a necessary condition that both of the two conditions hold is that the pressure space is the divergence space of the velocity space, in a conforming or nonconforming way.
We have the convergence result for the finite element problem. 
The last term is the consistency error, which vanishes when
3. Stable finite element pair and discrete Stokes complex on quadrilateral grids h consisting of the interior edges and the boundary edges, respectively. For an edge e, n e is a unit vector normal to e, and τ e is a unit tangential vector of e such that n e × τ e > 0. On the edge e, we use · e for the jump across e.
Denote by F the number of cells of the triangulation; denote by X, X I , X B and X C the number of vertices, internal vertices, boundary vertices, and corner vertices, respectively; and denote by E, E I and E B the number of edges, internal edges, and boundary edges, respectively. Euler's formula states that F + X = E + 1. The element defined above is unisolvent. Indeed, define
Define the interpolation Π
is well-defined, and
2 by two steps:
Step 1:
Step 2:
Then define
Proof. To show the well-definedness of Π Thus by the property of φ 0 , Q div(c 1 φ 0 , c 2 φ 0 )
Therefore, we only have to show that the equation (8) admits a unique solution pair (c 1 , c 2 ) for q substituted by ξ and η. The coefficient matrix of the left hand side of (8) is then
, and we only have to check the determinant of the coefficient matrix. Technically, we construct two tables (Tables 1 and 2 ) about the evaluation of some functions firstly. In particular, Table 1 is used in generating Table 2 . For example,
αβr × s. Here, we have noted that ∂ r ξ = ∂ s η = 0 and ∂ s ξ = ∂ r η = 1. (1 + β 2 )r × s 4 3 (1 + α 2 )r × s 4 3 αβr × s Table 2 . Domain average of some functions
, we have
Therefore, since 0 < α, β < 1,
This proves the well-posedness of (8), and thus the well-definition of Π QLTZ Q .
The remaining follows from the definition of the interpolation. This finishes the proof.
A finite element space for H 1 (Ω). Associated with H
w ds is continuous at e ∈ E We define the interpolation operator Π
The well-definedness of Π 
Again, Π
QLTZ h is well-defined, and
Evidently,
. Thus,
, by standard technique [38, 47, 54, 57] , we have the lemma below. 
Application to second order elliptic problem.
We consider the variational prob-
is a consistent finite element space. The finite element problem is to find
, such that
.
Since the edge average of w h ∈ V QLTZ h0 is continuous across internal edges, by the standard technique, we have the error estimate below.
Theorem 5. Let the assumptions of Lemma 4 hold. Let u and u h be the solutions of (9)
and (10), respectively.
From this point onwards, , , and = ∼ respectively denote , , and = up to a constant. The hidden constants depend on the domain. And, when triangulation is involved, they also depend on the shape-regularity of the triangulation, but they do not depend on h or any other mesh parameter. 2 , such that q h = divw, and [30] . Here C 1 is a generic constant depending on the domain only. Define w h := Π QLTZ h w, and then Q divw h qdx = Q divwqdx for q ∈ P 1 (Q). Since
Lemma 6. The inf-sup condition holds for
The last second inequality follows from Lemma 4. This finishes the proof.
Remark 7. By the proof of Lemma 6, div
Again, since the edge averages of w h ∈ V QLTZ h0 are continuous across internal edges, by the standard technique, the theorem below follows from Lemmas 2 and 6.
Theorem 8. Let (u, p) and (u h , p h ) be the solutions of (2) and (11), respectively. Then
3.4. Discrete Stokes complex.
A Morley element on convex quadrilateral grid.
This quadrilateral Morley element is given by Park-Sheen [47] .
The quadrilateral Morley element is defined by (Q,
∂ n e i v ds , e i the edges of T.
Given a regular convex quadrilateral triangulation of Ω, define the Morley element
∂ n e w h ds is continuous across e ∈ E i h }.
And, associated with H
∂ n e w h ds vanishes at e ∈ E b h }.
The Morley element provides consistent approximation of fourth-order problems on quadrilateral grids. Let us consider the model problem: find u ∈ H 2 0 (Ω), such that
The finite element problem is to find u h ∈ M Q h0 , such that
Lemma 9.
[47] Let u and u h be the solution of (13) and (14), respectively.
A discrete Stokes complex.
The lemma below plays a fundamental role in the construction of the discrete Stokes complex.
Proof. It is obvious that curl
. To prove the other direction, we only have to show that the dimension of the two spaces are the same. By Remark 7,
This finishes the proof.
Summing all discussions above, we obtain a main result of the paper as below.
Theorem 11. The discrete Stokes complex holds as below:
Moreover,
Proof. The discrete Stokes complex follows from Lemma 10 and Remark 7. We only have to prove the commutativity (16 
∂ τ e ϕ ds n e + e ∂ n e ϕ ds τ e = e curl ϕ ds .
Similarly we can prove for
Theorem 11 can also be written as this exact sequence and commutative diagram:
Finite elements and discrete Stokes complex on a mixed grid
In this section, we generalise the results in Section 3 from quadrilateral grids to the mixed grid that consists of both triangular and quadrilateral cells. The technical issues are the same as that in Section 3, and we list the main results and omit the details. h consisting of the interior edges and the boundary edges, respectively. For an edge e, n e is a unit vector normal to e, and τ e is a unit tangential vector of e such that n e × τ e > 0. On the edge e, we use · e for the jump across e.
Again, denote by F the number of cells of the triangulation, denote by X, X I , X B and X C the number of vertices, internal vertices, boundary vertices, and corner vertices, respectively, and denote by E, E I and E B the number of edges, internal edges, and boundary edges, respectively. Euler's formula states that F + X = E + 1. In the remaining of this section, we use Q to denote a quadrilateral cell, and T for a triangular cell. This will not bring ambiguity according to the context. Denote by #Q and #T the number of quadrilateral and triangular cells, respectively.
4.2.
Finite element spaces on a mixed grid. Associated with the triangulation, we define several finite element spaces for the stream function, the velocity and the pressure, respectively. Associated with the stream function, define
∂ n e w h ds is continuous on e ∈ E i h }.
And, associated with H
∂ n e w h ds = 0 at e ∈ E b h }.
Define the interpolation Π M,mix h
:
is well-defined, and Π 
Define associated with L 2 (Ω)
and associated with 
4.3.
Finite element schemes for boundary value problems. Since the nodal interpolation operators are locally defined, and sufficient weak continuity conditions have been imposed across the interface, these finite elements defined previously provide convergent finite element schemes for the specific boundary value problems.
Fourth order problem. We consider the finite element problem: find u h ∈ M mix h0 , such that
Since the average of the gradient of the M mix h0 functions at the internal edges are continuous, by standard technique [47, 53, 57] , we have the convergence result below.
Lemma 12.
Let u and u h be the solution of (13) and (18) , respectively.
Stokes problem. Now we consider the finite element problem:
By the same technique as the proof of Lemma 6, we obtain the lemma below. 
Concluding remarks
In this paper, we construct stable finite element pairs that satisfy the stability conditions both SC 1 and SC 2 on grids that admit triangular and general convex quadrilateral cells, namely, the pair satisfies the inf-sup stability condition, and the restriction of the solution to an element is exactly divergence-free and the scheme can be seen as a mass conservative one. Different from most existing finite element pairs on quadrilateral grids in the literature, the construction of the newly-developed quadrilateral finite element spaces does not rely on a rectangle reference cell, and the finite element spaces thus consist of piecewise polynomials only. Discrete Stokes complexes are constructed associatedly.
As the constraint of divergence-free is imposed piecewisely, this finite element would have potential applications for the parametric related problems [42, 61] . The exact sequence property provides a precise description of the kernel space involved in the Stokes problem, and will also help to design preconditioners and solvers for the resulting linear systems [28, 34, 43, 61] . These will be discussed in future works.
As the finite elements constructed in this present paper fall into the category of the nonconforming type, an issue is that the uniform Korn's inequality would fail [37] . This issue will be discussed in future works. We also remark here that the piecewise mass conservation property of the finite element pair makes it potentially one fit for the elasticity problem, and we refer to [1] for a relevant discussion.
